ABSTRACT. In this paper, we consider smooth, properly immersed hypersurfaces evolving by mean curvature in some open subset of R n+1 on a time interval (0, t 0 ). We prove that p -integrability with p ≥ 2 for the second fundamental form of these hypersurfaces in some space-time region B R (y) × (0, t 0 ) implies that the H n+2−p -measure of the first singular set vanishes inside B R (y). For p = 2 and n = 2, this was established by Han and Sun. Our result furthermore generalizes previous work of Xu, Ye and Zhao and of Le and Sesum for p ≥ n + 2, in which case the singular set was shown to be empty. By a theorem of Ilmanen, our integrability condition is satisfied for p = 2 and n = 2 if the initial surface has finite genus. Thus, the first singular set has zero H 2 -measure in this case. This is the conclusion of Brakke's main regularity theorem for the special case of surfaces, but derived without having to impose the area continuity and unit density hypothesis. It follows from recent work of Head and of Huisken and Sinestrari that for the flow of closed, k -convex hypersurfaces, that is hypersurfaces whose sum of the smallest k principal curvatures is positive, our integrability criterion holds with exponent p = n + 3 − k − α for all small α > 0 as long as 1 ≤ k ≤ n − 1. Therefore, the first singular set of such solutions is at most (k − 1) -dimensional, which is an optimal estimate in view of some explicit examples.
INTRODUCTION
A family of smooth, properly immersed hypersurfaces M = (M t ) t∈(0,t0) in R n+1 evolves by mean curvature if ∂x ∂t = H(x) for x ∈ M t and t ∈ (0, t 0 ) ⊂ R. Here H(x) is the mean curvature vector at x ∈ M t . Our sign convention is H = −Hν, where H = div ν is the mean curvature of M t with respect to some choice ν of unit normal field.
Mean curvature flow was first studied in the framework of geometric measure theory by Brakke ([B] ) in 1978 and in the smooth setting by Huisken ([Hu1] ) in 1984. We would also like to mention the level set approach due to Chen, Giga and Goto ( [CGG] ) and to Evans and Spruck ([ES1] - [ES3] ) which will, however, not form the topic of the present paper. While Huisken established that convex hypersurfaces asymptotically converge smoothly to round spheres under mean curvature flow, Brakke developed a general regularity theory in his monograph. In the special situation where one considers the flow of smooth hypersurfaces possibly becoming singular in various places at time t 0 , his result can be explained without too much notational preparation. We follow here, and often quote from [E2] , where a detailed account of Brakke's work in this context can be found. All the results in [E2] are stated for properly embedded solutions, but the ones we need here actually Date: May 22, 2012. only require that the solution is properly immersed.
A solution M = (M t ) t∈(0,t0) of mean curvature flow reaches a point x 0 ∈ R n+1 at time t 0 if there exists a sequence of times t j t 0 and points x j ∈ M tj such that x j → x 0 . We say that x 0 is a singular point of M at time t 0 if it is reached by the solution at this time, and if M = (M t ) t∈(0,t0) has no smooth extension beyond time t 0 in any neighbourhood of x 0 . All other points (which include those not reached by the solution) are termed regular points of M. The set of singular points of M at time t 0 we call the singular set at time t 0 , and denote it by sing t0 M. If the singular set is nonempty, we call t 0 the first singular time since the flow M = (M t ) t∈(0,t0) is assumed to be smooth.
An important assumption in Brakke's regularity theory is the area continuity and unit density hypothesis (Brakke did not use this terminology), which for smooth flows can be stated as follows: A smooth, properly immersed solution of mean curvature flow M = (M t ) t∈ (0,t0) inside an open set U ⊂ R n+1 satisfies the area continuity and unit density hypothesis at time t 0 if the hypersurfaces M t converge for t t 0 inside U in the sense of Radon measures to an H n -measurable, countably n -rectifiable set M t0 of locally finite H n -measure.
For more detailed information on such sets we refer to [S] . In particular, they generalize the notion of a hypersurface as they admit an approximate tangent space at almost every point. Roughly speaking, the above hypothesis ensures that at the first singular time the evolving hypersurfaces do not become too irregular, and form no double or even multiple sheets in a set of positive H n -measure. Formation of multiple sheets cannot occur in an open set inside the evolving hypersurface due to the strong maximum principle, but multiple sheets could potentially start developing in Cantor type sets of positive H n -measure without interior points inside these hypersurfaces. There exist generalized surfaces with arbitrarily small mean curvature which contain double sheeted regions, see an example in [B] , which is discussed in more detail in Chapter 5 of [E2] . We are now ready to state Brakke's main regularity theorem in the special case where we consider the first singular time.
Theorem (Brakke's Main Regularity Theorem ([B] )). Let M = (M t ) t∈(0,t0) be a smooth, properly immersed solution of mean curvature flow inside an open set U ⊂ R n+1 which satisfies the area continuity and unit density hypothesis at time t 0 . Then
To this day, this is the strongest result about the first singular set in the general case, that is without any additional assumptions on the initial hypersurface. In the special case where the initial hypersurface is embedded and mean-convex, that is has positive mean curvature, conditions which are preserved during the flow, White ([W1] , [W2] ) proved that the dimension of the singular set is at most n − 1. The embeddedness assumption enters since he considers hypersurfaces which are boundaries of regions in R n+1 . White's result is optimal in view of the examples of a shrinking cylinder or a shrinking torus of positive mean curvature. One might conjecture that his estimate also holds in the general case, that is without the assumption of mean-convexity.
In [HaSu] , Han and Sun proved Brakke's main regularity theorem in the case n = 2 under the additional assumption that the surfaces are closed but without having to impose the area continuity and unit density hypothesis. Their main tool is an -regularity result involving a space-time integral of the square norm of the second fundamental form, a weaker version of which was first proved in [I1] . We will generalize this -regularity theorem to a version involving the L p -norm of the second fundamental form. Moreover, we will derive Brakke's theorem for closed, immersed, mean-convex solutions in general dimensions without the area continuity and unit density hypothesis. For embedded solutions, this result follows of course immediately from [W1] and [W2] , but our alternative argument provides an interesting technical criterion from which the conclusion of Brakke's theorem follows quite easily. Our first theorem introduces a p -integrability condition for the second fundamental form which leads to an optimal estimate on the size of the first singular set. This generalizes previous work of Xu, Ye and Zhao ( [XYZ] ) for the case p ≥ n + 2 which in turn is related to a theorem proved by Le and Sesum, see [LS1] . 
for some p ≥ 2, where |A| denotes the norm of the second fundamental form of the solution. Then
The validity of our condition with p = m + 2 − α, 0 ≤ m ≤ n − α and all small α > 0 implies 
the dimension estimate known to hold for embedded, mean-convex solutions by [W1] and [W2] . As mentioned earlier, this upper bound on the dimension of the singular set cannot be improved in view of known examples. We do not know yet if closed, embedded meanconvex solutions satisfy the integrability assumption of Theorem 1.1 with p = 3 − α for all small α > 0. However, the condition of Theorem 1.1 with this exponent is easily verified for the standard examples such as shrinking spheres, cylinders and the symmetric torus of positive mean curvature. An elementary calculation, for instance for the two-dimensional shrinking cylinder with axis containing the origin, also shows that
for any R > 0. Therefore, we cannot conclude that the singular set has vanishing H 1 -measure in this case. As expected, this matches the fact that the dimension of the singular set of the two-dimensional shrinking cylinder solution (in this case the cylinder axis) equals 1.
(ii) If the condition of Corollary 1.2 holds with n = 2 and m = 2, which corresponds to
In Chapter 5 of [E2] , we conjectured that mean curvature flow of smooth, embedded closed, connected surfaces in R 3 would produce only a finite number of singular points (thus in particular a zero-dimensional set sing t0 M) if at the first singular time the area of the evolving surfaces has not vanished entirely. The area disappears for instance for the symmetric torus of positive mean curvature, which shrinks to a circle, that is has a one-dimensional first singular set. Our conjecture was partly motivated by the results in [AAG] for embedded closed, connected surfaces of revolution. Although it may turn out to be unrealistic to approach this conjecture by trying to prove that embedded, closed, connected surfaces which do not disappear at time t 0 satisfy t0 0 Mt∩B R (y) |A| 4−α < ∞ for all α ∈ (0, 1], it would nevertheless be interesting to see if this integrability condition holds under the additional assumption of axial symmetry. Note, that the shrinking sphere solution, which disappears at the first singular time, is special here, since it satisfies the integrability condition anyway. For the example of the symmetric initial torus with positive mean curvature, this integral is infinite for all α ∈ [0, 1]. Closed, convex hypersurfaces evolving by mean curvature and all closed, immersed, homothetically shrinking hypersurfaces, even if they do not solve mean curvature flow, satisfy this integrability condition, see Remark 1.6 (ii) below and the next item of this remark.
(iii) One easily checks by a scaling argument that closed, immersed, homothetically shrinking families
, that is where
for all t ∈ [0, t 0 ) (we assume here without loss of generality that they shrink to the origin in R n+1 ) satisfy the integrability condition of Theorem 1.1 with p = n + 2 − α for any α ∈ (0, 1]. We do not need to assume that these families solve mean curvature flow, which would require in addition that M t satisfies the equation H = x · ν 2(t0−t) for all t ∈ [0, t 0 ). For homothetically shrinking solutions of mean curvature flow though, Corollary 1.2 applies, predicting a zero-dimensional singular set. This matches the fact that the singular set of these special solutions consists of the origin only.
(iv) We can also state sufficient conditions on smooth, properly immersed, complete (noncompact) hypersurfaces M 0 which ensure that the associated family (M t ) t∈[0,t0) defined in (iii) above satisfies the condition of Theorem 1.1 for given p ≥ 2. The required calculations involve only a scaling argument, the co-area formula applied to M 0 and the evaluation of elementary one-dimensional integrals. Mean curvature flow is not used. We leave the details as a straightforward exercise to the reader. Suppose, for instance, that M 0 satisfies the condition |A(x)| = O(|x| −β ), |x| → ∞ for some β ≥ 0, and
, r → ∞ for some s ≥ 1. From this, one can then work out relations between n, s, β and p which imply the p -integrability condition of Theorem 1.1 for an exponent we may want to prescribe a priori or determine a posteriori from given n, s and β. Let us only discuss some special cases here, which correspond to actual explicit examples. These, as well as the previous remarks, illustrate that the integrability condition of Theorem 1.1 is optimal even for p > 2.
If for example β = 0 and s = l where l is an integer between 0 and n − 1, we obtain integrability with p = n + 2 − l − α for any α ∈ (0, 1], and therefore, if the family also moves by mean curvature, a singular set of at most l dimensions by Corollary 1.2. These conditions on M 0 are satisfied, for instance, on shrinking solutions of mean curvature flow of the type S n−l × R l , 0 ≤ l ≤ n − 1, which have constant |A|, that is β = 0, and an ldimensional singular set. The case s = l = n and β = 0 is not interesting for us as it leads to integrability with exponent p = 2 − α, α ∈ (0, 1] which is less than 2.
On the other hand, we could consider the choice s = n which is a natural one for many hypersurfaces, and ask for which range of exponents β we obtain integrability of |A| with p = n + 2 − α for any α ∈ (0, 1]. It turns out that β > n−α n+2−α is sufficient, so in particular β = 1 will do. Corollary 1.2 implies that homothetic solutions starting from a hypersurface M 0 satisfying these conditions have a zero-dimensional singular set. For n = 2, the above corresponds to the exponent p = 4 − α for any α ∈ (0, 1].
The validity of our integrability condition with p = 4 − α, α ∈ (0, 1] should be checked for the homothetically shrinking solution found by Chopp in [Ch] . Some of its geometric properties are also described in [I2] . Further examples along these lines are constructed in [ACI] . Chopp's solution is of the form N t = √ −t N, t < 0, where N ⊂ R 3 is a smooth, properly immersed, complete (non-compact) two-dimensional surface which is asymptotic at infinity to a cone with an isolated singularity at the origin. In particular, the solution (N t ) converges to this cone for t 0 in a suitable sense. By the above discussion (with time interval [−1, 0) instead of [0, t 0 )), it is sufficient to check the conditions on the second fundamental form and the boundary area growth of large balls intersecting N in order to verify (4 − α) -integrability for all α ∈ (0, 1]. As the solution is asymptotic to the cone at infinity, we suspect that s = n = 2 may be the correct choice. The surface N would then have to satisfy |A(x)| = O(|x| β ), |x| → ∞ for β > 2−α 4−α . In particular, any β > 1 2 , such as for example β = 1, which corresponds to the decay rate for cones, would be sufficient. We could, however, not find this information for |A| in [Ch] or [I2] . The integrability condition with p = 4, however, cannot hold for this example, as this would imply by Theorem 1.1 that the singular set is empty, contradicting the fact that the cone which is formed at time 0 has an isolated singularity at the origin.
(v) The integrability condition with p = 2 is satisfied for smooth, properly immersed surfaces (that is n = 2) with finite genus by results of Ilmanen ([I1] ). Corollary 1.4. Let M = (M t ) t∈(0,t0) be a smooth, properly immersed family of surfaces in R 3 (that is n = 2) evolving by mean curvature. Suppose that the initial surface has finite genus. Then
In the case of closed surfaces this theorem was proved in [HaSu] .
In [HS1] , Huisken and Sinestari proved in the case n ≥ 2 that if the evolving hypersurfaces M t are immersed, closed and mean-convex, that is have positive mean curvature (this follows from the mean-convexity of M 0 by the maximum principle), then there is a constant c 1 > 0 depending only on the initial hypersurface M 0 (c 1 is actually the supremum of
holds pointwise on all hypersurfaces M t . On the other hand, the evolution equation
Combining these, shows that the condition of Theorem 1.1 with p = 2 is satisfied for closed, immersed, mean-convex hypersurfaces, and therefore one obtains Corollary 1.5. Let M = (M t ) t∈(0,t0) be a smooth, immersed solution of mean curvature flow in R n+1 for n ≥ 2 consisting of closed, mean-convex hypersurfaces. Then
We would like to reiterate that for embedded solutions this is an immediate consequence of White's much stronger dimension estimate ([W1] , [W2] ), but the curvature integral approach is entirely different.
Remark 1.6. In the case of immersed, closed, two-convex hypersurfaces, that is hypersurfaces satisfying the condition κ 1 + κ 2 > 0 for their lowest two principal curvatures (this condition is stronger than mean-convexity in more than two dimensions but weaker than convexity, and it is also preserved by mean curvature flow), Head ([H] ) showed that for n ≥ 3
holds for every α ∈ (0, 1]. An adaptation of Head's calculation in combination with a recent estimate due to Huisken and Sinestrari ( [HS3] ) shows (see Chapter 3 of this paper) that
for all α ∈ (0, 1] whenever 1 ≤ k ≤ n − 1 and the solution is closed and k -convex, that is satisfies κ 1 + · · · + κ k > 0 for its smallest k principal curvatures. Since k -convex hypersurfaces are in particular mean-convex, the discussion preceding Corollary 1.5 yields that the inequality |A| 2 ≤ c 1 H 2 holds pointwise on every M t . Thus, for closed, immersed k -convex solutions the condition of Theorem 1.1 is satisfied with p = m + 3 − k − α for any α ∈ (0, 1] and any integer k ∈ [1, n − 1]. In 1984, Huisken ([Hu1] ) proved that closed, convex initial hypersurfaces for n ≥ 2 contract smoothly to a 'round' point in finite time. In particular, the singular set of the solution starting from such a hypersurface consists of just one point. The above discussion in the convex case, that is for k = 1, implies that the condition of Theorem 1.1 is satisfied with p = n + 2 − α for any α ∈ (0, 1]. Remark 1.6 in combination with Corollary 1.2 implies the following dimension estimate for closed, properly immersed k -convex solutions in the case 1 ≤ k ≤ n − 1. The calculations leading to the relevant integrability condition are carried out in Chapter 3. Corollary 1.7. Let M = (M t ) t∈(0,t0) be a smooth, properly immersed solution of mean curvature flow in R n+1 . Suppose that 1 ≤ k ≤ n − 1 and that the solution hypersurfaces are closed and k -convex, that is κ 1 + · · · + κ k > 0 for the first k principal curvatures (these conditions are preserved during mean curvature flow). Then
This result is optimal in view of the example of a solution with initial data given by a symmetric S 2 r × S 1 R which is 2 -convex for suitable R >> r > 0. Due to the preservation of its S 1 -symmetry and since it 'moves inward on itself' due to the fact that its mean curvature is positive, this solution contracts to a circle in finite time, hence resulting in a one-dimensional singular set. Our result also matches the results of Huisken and Sinestrari in [HS2] , where it is shown that singularities of closed, two-convex solutions in dimensions n ≥ 3 asymptotically look like S n or S n−1 × R. Their result in combination with Head's work on weak solutions in the two-convex case ( [H] ) can probably also be used to prove our dimension estimate. Note also, that the homothetically shrinking solution of the type S n−k+1 × R k−1 is k -convex and has a singular set of dimension k − 1, although we should point out that this is not a closed solution, except in the convex case where k = 1. For technical reasons, we cannot yet deal with the mean-convex case, that is with k = n.
The proof of Theorem 1.1 is based on the following local regularity result, a weaker form of which was proved by Ilmanen ([I1] ) for p = 2. In the case p = 2, Theorem 1.8 is due to Han and Sun ([HaSu] ). For p = n + 2, it is due to Le and Sesum ([LS2] ). For this exponent, one may simply choose ρ = ρ 0 and ρ = 0 below due to the scaling invariance of the double integral. The restriction to p ∈ [2, n + 2] is not essential but the case p > n + 2 is not needed for our applications. , every x 0 ∈ U which the solution reaches at time t 0 , every ρ 0 ∈ (0, √ t 0 /2) for which B 2ρ0 (x 0 ) ⊂ U and all p ∈ [2, n + 2] the assumption
The local smoothness estimates from [EH2] or Chapter 3 of [E2] imply that if |A| 2 is bounded on a parabolic cylinder around (x 0 , t 0 ), then the norms of the covariant derivatives of all orders of the second fundamental form (and therefore the entire geometry of the evolving hypersurfaces) are bounded on a smaller parabolic cylinder, but one which includes a space-time neighbourhood of the point (x 0 , t 0 ). By a standard argument, the solution can therefore be extended in some space-time neighbourhood of (x 0 , t 0 ), and therefore points which satisfy the above integral criterion have to be regular points of the flow. Theorem 1.8 then implies that there exists a constant 0 > 0 such that for each fixed p ∈ [2, n + 2] and each singular point x 0 at time t 0 there exist sequences t k t 0 and r k 0 with
This, in combination with a straightforward application of Vitali's covering theorem (see [HaSu] , [S] or [E2] ), implies our main theorem.
Theorem 1.8 in the case p = 2, which was proved by Han and Sun in [HaSu] , is an improvement of an earlier result established independently by Nakauchi in [N] and the author in [E1] , which arrives at the same conclusion as the one in Theorem 1.8, by assuming the stronger condition
in the special case n = 2. It also improves a local regularity result in general dimensions due to Ilmanen, see [I1] .
Section 2 contains a standard mean value inequality for subsolutions of the heat operator on hypersurfaces evolving by their mean curvature, which is then applied in the proof of Theorem 1.8. Even in the case p = 2, our proof differs from the one in [HaSu] . In Section 3, the proofs of Theorem 1.1 and some of its above-mentioned consequences are presented.
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PROOF OF THE LOCAL REGULARITY THEOREM
In this chapter, we present the proof of Theorem 1.8, the partial regularity result discussed in the introduction. In the case p = 2, this was established in [HaSu] , see also [I1] for an earlier weaker version. Our proof, which differs from the one in [HaSu] , uses a scaling argument similar to the one employed in the Appendix of [E1] , where a weaker version of this regularity theorem for p = 2 was established. The work in [E1] is in turn based on methods used in [CS] and [St] .
Since we shall make use of a local mean value inequality (as was also done in [E1] , [I1] and [N] ), we include its statement and some comments on it here. This mean value inequality was first proved for subsolutions of linear parabolic equations in divergence form by Moser ([M] ). A proof can also be found in the monographs [LSU] or [L] .
In the case of mean curvature flow, which is a quasilinear parabolic system, one can either write the solution locally as a graph, and then quote for instance a suitable chapter in [L] or in [LSU] (this was done by Ilmanen in [I1] ), or one can adapt Moser's iteration proof directly to the evolving hypersurfaces by using the Michael-Simon Sobolev inequality for hypersurfaces from [MS] . The latter approach was taken in [E1] . As a further alternative, one can replace the Moser iteration scheme by the well-known monotonicity formula of Huisken ([Hu2] ), or more precisely a weighted version of it proved in [EH1] . This method was adopted in Chapter 4 of [E2] .
Proposition 2.1. Let M = (M t ) t∈(0,t0) be a smooth, properly immersed solution of mean curvature flow inside an open set U . Let u ≥ 0 be a smooth function defined on these hypersurfaces satisfying the inequality
inside U for all t ∈ (0, t 0 ). Suppose x 0 ∈ U is reached by the solution at time t 0 . Then for all ρ ∈ (0, √ t 0 ) for which B ρ (x 0 ) ⊂ U we have the estimate
The version in [E2] involves the L 2 -norm of u (called f therein) on the right hand side, while the proof of Proposition 1.6 in Chapter 1 of [E1] contains a minor error at the end, which results in an L 2 -norm inequality rather than the above stated L 1 -version also claimed in Proposition 1.6 of [E1] . We take the opportunity to correct this error here. In order to achieve this, we resort to an advanced calculus trick by which the above L 1 -mean value inequality is derived from its corresponding L 2 -version. We found this argument in a set of handwritten lecture notes due to Schoen [Sch] , which were made available to us by Robert Bartnik.
In order to streamline our notation, we will, for the duration of this argument, use the symbol M to refer both to the smooth, properly immersed solution (M t ) t∈(0,t0) as well as its space-time track
We start with inequality (i) of Proposition 4.25 in [E2] applied at all points in C ρ 2 (x 0 , t 0 ). This implies that under our above conditions (we forgot to write down but used the assumption u ≥ 0 in [E2]) we have the inequality
Inequality (1) can also be obtained from the Moser iteration type proof of Proposition 1.6 in [E1] by extracting the supremum of u 2 η β (rather than u 3 η β as stated there) on the right hand side of the mean value inequality for u 4 (the third last inequality of the proof), dividing the resulting inequality by this expression and then using the definition of η (by scaling we assumed ρ = 1 there).
By an adjustment of the cut-off function used in the derivation of (1) (namely by choosing it to be equal to 1 in C σ (x 0 , t 0 ) and equal to 0 outside C σ+r (x 0 , t 0 )) we obtain instead (2) sup
M∩Cσ+r(x0,t0)
for all σ, r > 0 with σ + r ≤ ρ. This leads to
where we may assume without loss of generality that the denominator does not vanish. Inequality (3) implies
We now define σ 0 = ρ/2 and σ i+1 = σ i + r i , where r i = ρ · 2 −i−2 for i ∈ N ∩ {0}. Inequality (4) then yields for all such i (5) sup
Iterating (5) for i between 0 and j − 1 with j ∈ N and using that σ i < ρ for all i leads to
Letting j → ∞ and allowing for a larger constant c(n), we obtain
in view of the identity
By the definition of v, we thus arrive at
u.
Proof of Theorem 1.8. We will prove the Theorem in the following form: There exist constants 0 > 0 and c 0 > 0 such that for any smooth, properly immersed solution M = (M t ) t∈(0,t0) of mean curvature flow inside an open set U ⊂ R n+1 , every x 0 ∈ U which the solution reaches at time t 0 , every ρ 0 ∈ (0, √ t 0 /2) for which B 2ρ0 (x 0 ) ⊂ U and all p ∈ [2, n + 2] the assumption
for all σ ∈ (0, ρ 0 ]. The conclusion stated in the introduction (with c 0 repaced by 4c 0 ) then follows directly from the one above by choosing σ = ρ 0 /2.
We shall modify the scaling argument used in the proof of Theorem 5.6 in [E2] , a different type of local regularity theorem, in fact we will partly even copy the text of the relevant section of the latter proof as we did not see any need for improving our presentation in [E2] . The proof in [HaSu] follows different lines.
By scaling the solution if necessary and by a translation in space-time we may assume without loss of generality that ρ 0 = 1, x 0 = 0 and t 0 = 0. Scaling about a point (x 1 , t 1 ) in space-time with t 1 ∈ (0, t 0 ] is done as follows: For fixed λ > 0 consider a new solution defined by
λ 2 ), where we have changed variables by x = λ y + x 1 and t = λ 2 s + t 1 . The second fundamental form A λ of M λ s then satisfies |A(x)| = λ −1 |A λ (y)|, and the area element of M t is λ n times the one of M λ s . Scaling the time-interval contributes a factor of λ 2 . Therefore, for a given r ∈ (0,
Since our result is a local one, we may also assume for simplicity that U = R n+1 . Without loss of generality, we may therefore prove the following statement:
There exist constants 0 > 0 and c 0 > 0 such that for any smooth, properly immersed solution M = (M t ) t∈(−4,0) of mean curvature flow in R n+1 the following holds. Suppose 0 ∈ R n+1 is reached by the solution at time 0. Then for any p ∈ [2, n + 2] the assumption
We may also assume without loss of generality that M = (M t ) t∈ (−4,0] is smooth up to and including time 0, because we can first prove the theorem with 0 replaced by −δ for fixed small δ > 0 and then (since c 0 is independent of δ) let δ 0 afterwards.
We now follow parts of the proof of Theorem 5.6 in [E2] almost verbatim: Suppose the above statement is not correct. Then for every j ∈ N one can find a smooth, properly immersed solution
as j → ∞ (note that γ 2 j < ∞ since M j is smooth up to t = 0 by assumption). In particular, one can find σ j ∈ (0, 1] for which
we obtain sup
and therefore sup
as one checks easily. Let now λ j = |A(y j )| and sup
by (7) and (8), we conclude that for sufficiently large j (10) sup
Scaling inequality (6) gives
We now choose 0 ≤ ρ < ρ in (11) such that ρ 2 +τ j = 0 and ρ 2 −ρ 2 = ρ 2 +τ j = 4λ
2 j + 1 and as λ j → 0 for j → ∞ we can achieve the above with 0 ≤ ρ < ρ ≤ 2, that is within the admissible range of radii, as long as we choose j ∈ N sufficiently large. This leads to
and therefore
We now invoke the evolution equation for the second fundamental form derived in [Hu1] , which for our scaled solution states that
where ∇ denotes covariant differentiation on the rescaled solution. A straightforward calculation using the chain rule and the well-known inequality |∇|A|| ≤ |∇A| then implies
This uses also that p j ≥ 2. Combining (10) and (14) implies
inside the parabolic cylinder B 1 (0)×(−1, 0] for sufficiently large j ∈ N. We can therefore apply the local mean value inequality of Proposition 2.1 to the functions u j = e −4pj s |A| pj inside B 1 (0) × (−1, 0] for all j ∈ N chosen so large such that inequalities (10) and (13) are satisfied. In view of (9) and (13), this yields
with a new constant c(n, p j ) which is a product of the constant in (13), the factor e 4pj and the constant which appears in the mean value theorem. Since p j ∈ [2, n + 2] the final constant only depends on n. Choosing now j ∈ N large enough so that inequalities (10) and (13) are satisfied and such that the right hand side of the last inequality is smaller than 1 leads to a contradiction and completes our proof.
PROOF OF THE PARTIAL REGULARITY RESULTS
In this chapter, we prove Theorem 1.1 and those of its consequences which were not already derived in the introduction. The techniques involve a minor adaptation of the ones employed in Corollary 1.3 of [HaSu] and in the proof of Lemma 5.12 in [E2] .
Proof of Theorem 1.1. In view of the smoothness estimates from [EH2] for the covariant derivatives of all orders m ∈ N of the second fundamental form. By the evolution equations for geometric quantities under mean curvature flow (see [Hu1] ), these in turn imply local bounds on the space and time derivatives of all orders for the immersions describing the evolving hypersurfaces. It then follows from standard arguments that the solution can be extended beyond time t 0 in some neighbourhood of x 0 . Hence, the above local curvature bound implies that x 0 is a regular point at time t 0 .
In view of Theorem 1.8, regular points x 0 at time t 0 can therefore be characterized by the condition that for some p ∈ [2, n+2] and some ρ 0 ∈ (0, √ t 0 /2) for which B 2ρ0 (x 0 ) ⊂ B R (y), the inequality (15) t0−ρ 2 t0−ρ 2 Mt∩B √ ρ 2 −ρ 2 (x0)
holds for all 0 ≤ ρ < ρ ≤ 2ρ 0 for some fixed 0 > 0. Points which the solution does not reach at time t 0 are regular by definition, so we do not need to consider them here.
Let p ∈ [2, n + 2] be fixed but arbitrary. Then for a general point x in sing t0 M ∩ B R (y) condition (15) with this p cannot hold for any ρ 0 ∈ (0, √ t 0 /2), that is the reverse inequality must be satisfied for sequences ρ k 0 and ρ k 0 (these are allowed to depend on p) with 0 ≤ ρ k < ρ k . In other words, there must exist sequences t k t 0 and r k 0 for which B r k (x) ⊂ B R (y) and such that (15) is violated.
In the following we are only interested in exponents p ∈ [2, n + 2] for which t0 0
Mt∩B R (y) |A| p < ∞.
In order to estimate H n+2−p (sing t0 M ∩ B R (y)) for such a p ∈ [2, n + 2], we proceed analogously to the proof of Corollary 1.3 in [HaSu] (which was carried out in the case p = 2 and n = 2) or Lemma 5.12 in [E2] where we considered H 2 instead of |A| p .
Let us fix δ > 0. In view of Theorem 1.8 and the above discussion about singular points, there exists for every x ∈ sing t0 M ∩ B R (y) a time t(x) ∈ (0, t 0 ] and a radius r(x) ∈ (0, hold. The Vitali covering theorem (see [S] or Appendix C of [E2] ) allows us to select a pairwise disjoint family of balls B rj (x j ) with x j ∈ sing t0 M∩B R (y), r j ∈ (0, 
